More than twenty-five years ago, Manickam, Miklós, and Singhi conjectured that for positive integers n, k with n ≥ 4k, every set of n real numbers with nonnegative sum has at least n−1 k−1 k-element subsets whose sum is also nonnegative. We verify this conjecture when n ≥ 8k 2 , which simultaneously improves and simplifies a bound of Alon, Huang, and Sudakov and also a bound of Pokrovskiy when k < 10 45 .
Introduction
Manickam, Miklós, and Singhi [17, 18] conjectured in 1988 that Conjecture 1.1 For positive integers n, k with n ≥ 4k, every set of n real numbers with nonnegative sum has at least n−1 k−1 k-element subsets whose sum is also nonnegative. Conjecture 1.1 was motivated by studies of the first distribution invariant in certain association schemes, and may also be considered an analogue of the famous Erdős-KoRado theorem [10] . The Erdős-Ko-Rado theorem states that if n > 2k, then any family of k-element subsets of an n-element set with the property that any two subsets have nonempty intersection has size at most n−1 k−1 ; moreover the unique extremal family is a star, the family of k-element subsets containing a fixed element. Conjecture 1.1 is similar to the Erdős-Ko-Rado theorem, not only in the appearance of the binomial coefficient
Such examples can be easily constructed when n = 3k + r and 1 ≤ r ≤ k/7. Although Conjecture 1.1 and the Erdős-Ko-Rado theorem share the same bound and extremal example, there is no obvious way to translate one question into the other. Conjecture 1.1 has attracted a lot of attention due to its connections with the Erdős-Ko-Rado theorem [1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 13, 14, 16, 17, 18, 19, 20, 21] , but still remains open. For more than two decades, Conjecture 1.1 was known to hold only when k|n [18] or when n is at least an exponential function of k [4, 6, 17, 21] . In their recent breakthrough paper, Alon, Huang, and Sudakov [2] obtained the first polynomial bound n ≥ min{33k 2 , 2k 3 } on Conjecture 1.1. Later, Aydinian and Blinovsky [3] and Frankl [11] gave different proofs of Conjecture 1.1 for a cubic range. Recently, a linear bound n > 10 46 k has been obtained by Pokrovskiy [20] . Finally, there are also several works that verify Conjecture 1.1 for small k [8, 13, 16, 19] .
The main result of this paper verifies Conjecture 1.1 when n ≥ 8k 2 . In particular, Theorem 1.2 simultaneously improves and simplifies the bound n ≥ min{33k 2 , 2k 3 } of Alon, Huang, and Sudakov [2] and also the bound n ≥ 10 46 k of Pokrovskiy [20] when k < 10 45 . Note that there is no loss of generality in assuming that the n real numbers in Conjecture 1.1 are listed in decreasing order and sum to zero. Theorem 1.2 Let X = {x 1 , . . . , x n } ⊂ R be a set of n real numbers whose sum is zero, and assume
2 , then at least
k-element subsets of X have nonnegative sum. Moreover, if equality holds, the family of k-element subsets with nonnegative sum is a star on
The proof of Theorem 1.2 is similar to that of Theorem 1.3 in [9] , where we tackle the Manickam-Miklós-Singhi conjectures for sets and vector spaces simultaneously. For the reader's convenience, we present the calculations for the case of sets in full detail in this unpublished manuscript.
Bose-Mesner Matrices
We will need a lemma involving inclusion matrices W jk and Kneser matrices W jk . Let W jk (respectively W jk ) denote the n j × n k matrix whose rows are indexed by the j-element subsets of X, whose columns are indexed by the k-element subsets of X, and where the entry in row Y and column S is 1 if Y ⊂ S (respectively if Y ∩ S = ∅) and is 0 otherwise.
to be a vector that lists the n real numbers in Theorem 1.2. Without loss of generality, we may assume that x = 0, and observe that x is orthogonal to 1. We will show that W T 1k x has at least n−1 k−1 nonnegative entries when n ≥ 8k
2 . An important observation by Wilson [23] is that W T 1k f is an eigenvector of the BoseMesner matrix
. We include a proof for completeness.
x is an eigenvector of the Bose-Mesner matrix B j with eigenvalue
Proof. Since W T 1k has full column rank [12, 15, 22] and x = 0, we have that
, observe that W jk W T 1k (S, T ) counts the number of k-element subsets of X that contain S ∪ T . Hence,
Since J x = 0, we have
counts the number of j-element subsets of X that are disjoint from A and that contain B. Hence,
since J x = 0. Multiplying (2.2) on the left by W T jk and applying (2.3) yields We will use Lemma 2.1 to obtain lower bounds on the number of nonnegative k-element subsets that intersect {x 1 , . . . , x k } and that contain x 1 respectively.
Bounds from Eigenvalues
The main result of this section is Lemma 3.3, which shows that if n ≥ Ck 2 and there are at most
Henceforth, we write W . Let A = {x 1 , . . . , x k } and note that A is the k-element subset of X with largest sum. Using Lemma 2.1, we give a lower bound on the number of nonnegative k-element subsets of X that intersect A. , observe that B j (S, T ) counts the number of j-element subsets of X that lie in T and are disjoint from S. Hence,
By Lemma 2.1, the dot product of the row of B k corresponding to A and b equals −
Since b is orthogonal to 1, we see that
Since b A is a largest entry of b, there are greater than
Recall that A = {x 1 , . . . , x k } is the k-element subset of X with largest sum. Let C = {x 1 , x k+1 , . . . , x 2k−1 } and note that C is the k-element subset of X with largest sum such that |A ∩ C| = 1. Using Lemma 2.1 we give a lower bound on b C , the sum of C, under the assumptions that n ≥ k 2 and that there are at most
k-element subsets with nonnegative sum in X. nonnegative k-element subsets of X then b C , the sum of C, satisfies
Proof. By Lemma 2.1 with j = k − 1, the dot product of the row of B k−1 corresponding to A and b equals −(k − 1)
Hence,
which is nonnegative if and only if n ≥ k 2 . Observe that for any S ∈ X k such that |S ∩ A| = 1, we have b C ≥ b S . We claim that nonnegative k-element subsets of X if (3.11) does not hold. Now, we show that the fraction on the right hand of (3.11) is at least the fraction on the right hand side of (3.8). We have
We also have that
Putting (3.12) and (3.13) together yields (3.8).
Now we give a lower bound on the number of nonnegative k-element subsets that contain x 1 under the assumptions that n ≥ k 2 and that there are at most
k-element subsets of X with nonnegative sum. nonnegative k-element subsets of X, then the number of nonnegative k-element subsets that contain x 1 is at least
Proof. Recall that A = {x 1 , . . . , x k } and that C = {x 1 , x k+1 , . . . , x 2k−1 }. By Lemma 2.1, the dot product of the row of B k corresponding to C and b equals −
We claim that
Otherwise, there would be at least
nonnegative entries b S such that S ∩ C = ∅ and S ∩ A = ∅ as b A is a largest entry. By Lemma 3.1, this would yield greater than n−1 k−1 nonnegative k-element subsets. Hence, (3.16) holds, which implies by Lemma 3.2, (3.13), (3.15) , and (3.16) that
Let F i be the family of k-element subsets of X that contain x i but not x 1 and intersect A and C. We have
We first show that if i ∈ {2, . . . , 2k − 1} then
Without loss of generality suppose that x i ∈ A \ {x 1 }. There are
k-element sets of X that contain x i but not x 1 . From these, we subtract the
Now we determine |F i | when i ∈ {2k, . . . , n}. Let G i (respectively H i ) be the family of k-element subsets of X that contain x i but not x 1 and intersect A (respectively C). We have F i = G i ∩ H i so by inclusion-exclusion,
By (3.18), (3.19) , and (3.20),
By (3.17) , (3.18) , and (3.21), we have
Hence, a lower bound on the number of nonnegative k-element subsets that contain x 1 is given by (3.14).
Bounds from Averaging
The main result of this section is Lemma 4.1, which shows that if T ∈ X k is a k-element subset with negative sum, then there are at least n−2k k−1 nonnegative k-element subsets of X that are disjoint from T . The proof of Lemma 4.1 is similar to Manickam's and Singhi's proof of Conjecture 1.1 when k|n [18] and has also been observed by others [2, 11, 21] .
has negative sum, then there are at least
nonnegative k-element subsets of X that are disjoint from T .
Proof. Write n = mk + r where 0 ≤ r ≤ k − 1. Since T ∈ X k has negative sum, adding the smallest r elements of X \ T to T yields a (k + r)-element subset U ∈ X k+r with negative sum. Let
be the family of k-element sets disjoint from U that have nonnegative sum. Consider a random permutation π ∈ S X that fixes U. Partition the (m − 1)k elements of X \U into k-element sets S = {S 1 , . . . , S m−1 }, and define the indicator random variable Z i to be 1 if π(S i ) has nonnegative sum and 0 otherwise. Let Z = m−1 i=1 Z i and note that Z ≥ 1 because some k-element subset in π(S) must have nonnegative sum as the sum of the elements of X \ U is positive. On the other hand, E(Z i ) is the probability that a randomly chosen k-element subset that is disjoint from U has nonnegative sum. Hence,
By linearity of expectation,
, each k-element subset in F is also disjoint from T . k-element subsets of X with nonnegative sum. Otherwise, some k-element subset T ∈ X k containing x 1 has negative sum. Suppose, for a contradiction, that there are at most , which contradicts our assumption.
